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Abstract. In this paper we study a symmetry group of vector space. Basis 
manifold is a homogeneous space of a symmetry group. This concept leads 
us to the definition of active and passive transformations on basis manifold. 
Active transformation can be expressed as a transformation of vector space. 
Passive transformation gives ability to define concepts of invariance and of 
geometrical object. 



1. Introduction 

This paper was written under the great influence of the book [1]. The studying 
of a homogenous space of a group of symmetry of a vector space leads us to the 
definition of a basis of this space and a basis manifold. We introduce two types 
of transformation of a basis manifold: active and passive transformations. The 
difference between them is that the active transformation can be expressed as a 
transformation of an original space. As it is shown in [1] passive transformation 
gives ability to define concepts of invariance and of geometrical object. 

Two opposite points of view about a geometrical object meet in definition 6.3. 
On the one hand we determine coordinates of the geometrical object relative to a 
given basis and introduce the law of transition of coordinates during transformation 
of the basis. At the same time we study the set of coordinates of the geometrical 
object relative to different bases as a single whole. This gives us an opportunity to 
study the geometrical object without using coordinates. 

2. Representation of Group 
Definition 2.1. We call the map 

t: M ^ M 

nonsingular transformation, if there exists inverse map. □ 
Definition 2.2. Transformations is left-side transformations if it acts from left 

u' = tu 

We denote 1{M) the set of left-side nonsingular transformations of set M . □ 

Definition 2.3. Transformations is right-side transformations if it acts from 
right 

u = ut 

We denote r{M) the set of right-side nonsingular transformations of set M . □ 
We denote 5 identical transformation. 
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Definition 2.4. Let G be group. We call map 

(2.1) / : G ^ 1{M) 

left-side representation of group G in set M if map / holds 

(2.2) f{ab)u^f{a){f{b)u) 

(2.3) /(e) = 5 

□ 

Definition 2.5. Let G be group. We call map 

(2.4) ,/ : G ^ r{M) 

right-side representation of group G in set A/ if map / holds 

(2.5) ufiab) - {uf{a))f{b) 

(2.6) /(e) = 6 

□ 

Any statement which holds for left-side representation of group holds also for 
right-side representation. For this reason we use the common term representation 
of group and use notation for left-side representation in case when it docs not lead 
to misunderstanding. 

Theorem 2.6. For any g & G 

(2.7) /(5-i)=/(g)-i 
Proof. Since (2.2) and (2.3), we have 

u = Su = figg-')u^fig)if{g-')u) 
This completes the proof □ 
Theorem 2.7. Let 1{M) he a group with respect to multiplication 

(2.8) {tit2)u ^ ti{t2u) 

and 5 he unit of group 1{M). Let map (2.1) be a homomorphism of group 

(2.9) f{ab) = f{a)f{b) 

Then this map is representation of group G which we call left-side covariant 
representation. 

Proof. Since / is homomorphism of group, we have /(e) — 6. 
Since (2.8) and (2.9), we have 

f{ab)u={f{a)f{b))u = f(a){f{b)u) 

According definition 2.4 / is representation. □ 

Theorem 2.8. Let r[M) he a group with respect to multiplication 

(2.10) U{tit2) {Uti)t2 

and 5 be unit of group r{M). Let map (2.4) he a homomorphism of group 

(2.11) f{ab) = f{a)f{b) 

Then this map is representation of group G which we call right-side covariant 
representation. 
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Proof. Since / is homoniorphism of group, we have /(e) ~ S. 
Since (2.10) and (2.11), wc have 

ufiab) = u{f{a)f{b)) = {uf{a))f{b) 

According definition 2.5 / is representation. □ 

Theorem 2.9. Let 1{M) be a group with respect to multiplication 

(2.12) {t2ti)u = ti{t2u) 

and 5 be unit of group l(M). Let map (2.1) be an antihomomorphism of group 

(2.13) f{ba) = f{a)f{b) 

Then this map is representation of group G which we call left-side contravariant 
representation. 

Proof. Since / is antihomomorphism of group, we have /(e) = 5. 
Since (2.12) and (2.13), we have 

f{ab)u={f{b)f{a))u^ f{a){f{b)u) 

According definition 2.4 / is representation. □ 

Theorem 2.10. Let r[M) be a group with respect to multiplication 

(2.14) U{t2ti) ^ {Uti)t2 

and 5 be unit of group r[M). Let map (2.4) be an antihomomorphism of group 

(2.15) f{ba) = f{a)f{b) 

Then this map is representation of group G which we call right-side contravari- 
ant representation. 

Proof. Since / is antihomomorphism of group, wc have /(e) = 5. 
Since (2.14) and (2.15), we have 

uf{ab) = u{f{b)f{a)) = {uf{a))f{b) 

According definition 2.5 / is representation. □ 

Example 2.11. The group operation determines two different representations on 
the group: the left shift which we introduce by the equation 

(2.16) b' = L{a)b = ab 

and the right shift which we introduce by the equation 

(2.17) b' = i?(a)6 = ba 

□ 

Theorem 2.12. Let representation 

u' ^ f{a)u 

be covariant representation. Then representation 

u = h(a)u = f{a~^)u 
is contravariant representation. 
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Proof. Statement follows from chain of equations 

h{ab) = /((a6)-i) = /(&-ia-i) = f{b-^)f{a-^) = h{b)h{a) 

□ 

Definition 2.13. Let / be representation of the group G in set M. For any v E M 
we define orbit of representation of the group G as set 

Oiv, 9 G G, f{g)v) ^{w^ f{g)v : g e G] 

□ 

Since /(e) = (5 we have v £ 0{v,g £ G,f{g)v). 
Theorem 2.14. Suppose 

(2.18) veOiu,geGJig)u) 
Then 

0{u, g G G, f{g)u) = 0{v, g e G, f{g)v) 
Proof. From (2.18) it follows that there exists a E G such that 

(2.19) V = f{a)u 

Suppose w G 0{v,g G G, f{g)v). Then there exists b E G such that 

(2.20) w = f{b)v 
If we substitute (2.19) into (2.20) we get 

(2.21) w - f{b){f{a)u) 

Since (2.2), we see that from (2.21) it follows that w G 0{u,g G G,f{g)u). Thus 
0{v,gEG,f{g)v)EO{u,geG,f{g)u) 
Since (2.7), we see that from (2.19) it follows that 

(2.22) f{a)~^v = f{a~^)v 

From (2.22) it follows that u G 0{v,g G G,f{g)v) and therefore 

0{u,geGJ{g)u)<ZO{v,geGJ{g)v) 

This completes the proof. □ 

Theorem 2.15. Suppose fi is representation of group G in set Mi and fi is 
representation of group G in set M2. Then we introduce direct product of rep- 
resentations /i and fz of group 

/ = /i ® /2 : G ^ Ml M2 

/(.9) = (/i(.g),/2(5)) 

Proof. To show that / is a representation, it is enough to prove that / satisfies the 
definition 2.4. 

fie) ^ifi{e)j2{e)) = (61,62) =S 
f{ab)u = ifi{ab)ui, /2 (06)1*2) 

= {fiia){fiib)ui)j2ia){f2{b)u2)) 
= f{a){fi{b)uu.f2{b)u2) 
= f{a){f{b)u) 
4 
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□ 

3. Single Transitive Representation of Group 

Definition 3.1. We call kernel of inefficiency of representation of group G 

a set 

Kf = {geG: fig) = 6} 
If Kf = {e} we call representation of group G effective. □ 

Theorem 3.2. A kernel of inefficiency is a subgroup of group G. 
Proof. Assume f{ai) ~ S and f{a2) = 6. Then 

f{aia2)u = f{ai){f{a2)u) = u 
f{a-')^f-\a)^d 

□ 

If an action is not effective we can switch to an effective one by changing group 
Gi = G\Kf using factorization by the kernel of inefficiency. This means that we 
can study only an effective action. 

Definition 3.3. We call a representation of group transitive if for any a,b G V 

exists such g that 

a = f{g)b 

We call a representation of group single transitive if it is transitive and effective. 

□ 

Theorem 3.4. Representation is single transitive if and only if for any a,h G V 

exists one and only one g (z G such that a ~ f{g)b 

Definition 3.5. We call a space V homogeneous space of group G if we have 
single transitive representation of group G on V. □ 

Theorem 3.6. // we define a single transitive representation f of the group G on 
the manifold A then we can uniquely define coordinates on A using coordinates on 
the group G. 

If f is a covariant representation than f{a) is equivalent to the left shift L{a) on 
the group G. If f is a contravariant representation than f{a) is equivalent to the 
right shift R{a) on the group G. 

Proof. We select a point v G A and define coordinates of a point w € A as coordi- 
nates of the transformation a such that w = f{a)v. Coordinates defined this way 
are unique up to choice of an initial point v £ A because the action is effective. 
If / is a covariant representation we will use the notation 

f{a)v — av 

Because the notation 

f{a){f{b)v) = a{bv) = {ab)v = f{ab)v 

is compatible with the group structure we see that the covariant representation / 
is equivalent to the left shift. 

If / is a contravariant representation we will use the notation 

f{a)v — va 
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Because the notation 



f{a){f{b)v) = ivb)a = v{ba) - f{ba)v 

is compatible with the group structure we see that the contravariant representation 
/ is equivalent to the right shift. □ 

Theorem 3.7. Left and right shifts on group G are commuting. 

Proof. This is the consequence of the associativity on the group G 

{L{a)R{b))c = a{cb) = (ac)b = {R{b)L{a))c 

□ 

Theorem 3.8. If we defined a single transitive representation f on the manifold A 
then we can uniquely define a single transitive representation h such that diagram 

h(a) 



M- 



M 



fib) 



fib) 



M- 



h{a) 



M 



is commutative for any a, b £ G.^ 



Proof. We use group coordinates for points v G A. For the simplicity we assume 
that / is a covariant representation. Then according to theorem 3.6 we can write 
the left shift L{a) instead of the transformation /(a). 

Let points vo,v G A. Then we can find one and only one a G G such that 

V = VQa = R{a)vQ 

We assume 

h{a) ^ R{a) 

For some b E G we have 

Wo = f{b)vo = L{b)vo w = f{b)v = L{b)v 
According to theorem 3.7 the diagram 

(3.1) Vo 



f(b)=L(b) 



f(b)=L{b) 



Wo ■ 



h{a)=R{a) 



is commutative. 

Changing b we get that wo is an arbitrary point of A. 

We see from the diagram that \ivo = v than wo = w and therefore h[e) = 5. On 
other hand ii vo ^ v then wo ^ w because the representation / is single transitive. 
Therefore the representation h is effective. 

In the same way we can show that for given wo we can find a such that w = 
h{a)wo. Therefore the representation is single transitive. 



^The theorem 3.8 is really very interesting. However its meaning becomes more clear when 
we apply this theorem to basis manifold, see section 5. 
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In general the representation / is not commutative and therefore the represen- 
tation h is different from the representation /. In the same way we can create a 
representation / using the representation h. □ 

Remark 3.9. It is clear that transformations L{a) and R{a) arc different until the 
group G is nonabelian. However they both are maps onto. Theorem 3.8 states 
that if both right and left shift presentations exist on the manifold A we can define 
two commuting representations on the manifold A. The left shift or the right shift 
only cannot present both types of representation. To understand why it is so let 
us change diagram (3.1) and assume h{a)vo = L{a)vo = v instead of h{a)vo = 
R{a)vQ = V and let us see what expression h{a) has at the point wq. The diagram 



h(a)—L{a) 
Vo ^ V 



f(b)=L{b) 



f(b)=L{b) 



Wo ■ 



h(a) 



is equivalent to the diagram 



h{a)—L[a) 
Vo *- V 



f-\b)=Hb-^) 



f(b)=L{b) 



Wo ■ 



h(a) 



and we have w ~ bv = bavo = bab^^WQ. Therefore 

h{a)wo = {bab~^)wo 
We see that the representation of h depends on its argument. 

4. Linear Representation of Group 



□ 



Suppose we introduce additional structure on set M . Then wc create an addi- 
tional requirement for the representation of group. 

Since we introduce continuity on set M , we suppose that transformation 

u' = f{a)u 

is continuous in u. Therefore, we get 



du 

Suppose M is a group. Then representations of left and right shifts have great 
importance. 

Definition 4.1. Let M be vector space V over field F. We call the representation 
of group G in vector space V linear representation if /(a) is homomorphism of 
space V for any a E G. □ 

Remark 4.2. Let transformation /(a) be linear homogeneous transformation. fj{a) 
are elements of the matrix of transformation. We usually assume that the lower 
index enumerates rows in the matrix and the upper index enumerates columns. 

According to the matrix product rule we can present coordinates of a vector as 
a row of a matrix. We call such vector a row vector. We can also study a vector 
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whose coordinates form a column of a matrix. We call such vector a column 
vector. 

Left-side linear representation in column vector space 

u' = f{a)u u'^^f^{a)ui3 a&G 
is covariant representation 

< = f^{ha)up = f^{h){fl{a)up) = {f^{h)fl{a))up 
Left-side linear representation in row vector space 

u' = f{a)u u'" = fp{a)u^ aeG 
is contravariant representation 

Right-side representation in column vector space 

u' = uf{a) < = upfj^ia) a€G 
is contravariant representation 

< = upfi'iab) = (u^/f (a))/^"(6) = up{f^'{b)f^{a)) 
Right-side representation in row vector space 

u' = uf{a) u'"' ^uf^f^ia) aeG 
is covariant representation 

u"^ ^ u^'fjiab) = {u^f^{a))f2{b) = u^{f^{a)f2{b)) 

□ 

Remark 4.3. Studying hnear representations we clearly use tensor notation. We 
can use only upper index and notation u*-^ instead of Ua- Then we can write the 
transformation of this object in the form 

This way we can hide the difference between covariant and contravariant represen- 
tations. This similarity goes as far as we need. □ 

5. Basis in Vector Space 

Assume we have vector space V and contravariant right-side effective linear rep- 
resentation of group G = G{V). We usually call group G{V) symmetry group. 
Without loss of generality we identify element g of group G with corresponding 
transformation of representation and write its action on vector v G V as vg. 

This point of view allows introduction of two types of coordinates for element 
g of group G. We can either use coordinates defined on the group, or introduce 
coordinates as elements of the matrix of the corresponding transformation. The 
former type of coordinates is more effective when we study properties of group G. 
The latter type of coordinates contains redundant data; however, it may be more 
convenient when we study representation of group G. The latter type of coordinates 
is called coordinates of representation. 

A maximal set of linearly independent vectors e =< e(i) > is called a basis. In 
case when we want to show clearly that this is the basis in vector V we use notation 
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Any homomorphism of the vector space maps one basis into another. Thus we 
can extend a covariant representation of the symmetry group to the set of bases. 
We write the action of element g of group G on basis e as R{g)e. However not every 
two bases can be mapped by a transformation from the symmetry group because 
not every nonsingular hnear transformation belongs to the representation of group 
G. Therefore, we can present the set of bases as a union of orbits of group G. 

Properties of basis depend on the symmetry group. We can select basis e vectors 
of which are in a relationship which is invariant relative to symmetry group. In this 
case all bases from orbit 0{e,g G G,R{g)e) have vectors which satisfy the same 
relationship. Such a basis we call G-basis. In each particular case we need to prove 
the existence of a basis with certain properties. If such a basis does not exist we 
can choose an arbitrary basis. 

Definition 5.1. We call orbit 0{e, g E G, R{g)e) of the selected basis e the basis 
manifold B{V) of vector space V. □ 

Theorem 5.2. Representation of group G on basis manifold is single transitive 
representation. 

Proof. According to definition 5.1 at least one transformation of representation is 
defined for any two bases. To prove this theorem it is sufficient to show that this 
transformation is unique. 

Consider elements gi , 172 of group G and a basis e such that 

(5.1) Rg.f^Rg^f 

From (5.1) it follows that 

(5-2) = = f 

Because any vector has a unique expansion relative to basis e it follows from (5.2) 
that R^ -1 is an identical transformation of vector space V. 91 = 02 because 

yiy2 " ' 

representation of group G is effective on vector space V. Statement of the theorem 
follows from this. □ 

Theorem 5.2 means that the basis manifold BiV) is a homogenous space of group 
G. We constructed contravariant right-side single transitive linear representation 
of group G on the basis manifold. Such representation is called active repre- 
sentation. A corresponding transformation on the basis manifold is called active 
transformation ([2]) because the homomorphism of the vector space induced this 
transformation. 

According to theorem 3.6 because basis manifold S(V) is a homogenous space of 
group G we can introduce on B{V) two types of coordinates defined on group G. 
In both cases coordinates of basis e are coordinates of the homomorphism mapping 
a fixed basis bq to the basis e. Coordinates of representation are called standard 
coordinates of basis. We can show that standard coordinates of basis e for 
certain value of k are coordinates of vectors € e relative to a fixed basis eo. 

Basis e creates coordinates in V. In different types of space it may be done in 
different ways. In affine space if node of basis is point A than point B has the 

same coordinates as vector AB relative basis e. In a general case we introduce 
coordinates of a vector as coordinates relative to the selected basis. Using only 
bases of type G means using of specific coordinates on An ■ To distinguish them we 
call this G-coordinates. Wc also call the space V with such coordinates G-space. 
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According to theorem 3.8 another representation, commuting with passive, exists 
on the basis manifold. As we see from remark 3.9 transformation of this represen- 
tation is different from a passive transformation and cannot be reduced to trans- 
formation of space V. To emphasize the difference this transformation is caUed a 
passive transformation of vector space V and the representation is caUed pas- 
sive representation. We write the passive transformation of basis e, defined by 
element g G G, as L{g)e. 

5.1. Basis in AfHne Space. We identify vectors of the affine space An with pair 

of points AB. All vectors that have a common beginning A create a vector space 
that we call a tangent vector space Tj^An- 

A topology that An inherits from the map An allows us to study smooth 

transformations of An and their derivatives. More particularly, the derivative of 
transformation / maps the vector space TaAu into Tf(^A)An- If / is linear then its 
derivative is the same at every point. Introducing coordinates A"^ , A" of a point 
A £ An we can write a linear transformation as 

(5.3) A" = P}A> +R' det P 7^ 

Derivative of this transformation is defined by matrix ||Pj*||. and does not depend 
on point A. Vector (i?^,...,P") expresses displacement in affine space. Set of 
transformations (5.3) is the group Lie which we denote as GL{An) and call affine 
transformation group. 

Definition 5.3. Affine basis e =< 0,6; > is set of linear independent vectors 
Ci = OAi = (e[, e") with common start point O = {O^ , O"). □ 

Definition 5.4. Basis manifold B{A„} of affine space is set of bases of this 
space. □ 

An active transformation is called affine transformation. A passive transfor- 
mation is called quasi affine transformation. 

If we do not concern about starting point of a vector we see little different type 
of space which we call central affine space CAn- In the central affine space we can 
identify all tangent spaces and denote them TCAn- If we assume that the start 
point of vector is origin O of coordinate system in space then we can identify any 

point A £ CAn with the vector a ~ OA. This leads to identification of CAn and 
TCAn- Now transformation is simply map 

a'* = P^aP det P / 

and such transformations build up Lie group GLn- 

Definition 5.5. Central affine basis e =< e; > is set of linearly independent 
vectors = (e^ , e"). □ 

Definition 5.6. Basis manifold B{CAn) of central affine space is set of bases 
of this space. □ 

5.2. Basis in Euclid Space. When we introduce a metric in a central affine space 
we get a new geometry because we can measure a distance and a length of vector. If 
a metric is positive defined we call the space Euclid 5„ otherwise we call the space 
pseudo Euclid £nm- 
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Transformations that preserve length form Lie group SO{n) for Euchd space and 
Lie group SO{n, m) for pseudo Euclid space where n and m number of positive and 
negative terms in metrics. 

Definition 5.7. Orthonornal basis e —< > is set of linearly independent vec- 
tors Ci = (ej, ■•■,e") such that length of each vector is 1 and different vectors are 
orthogonal. □ 

We can prove existence of orthonormal basis using Gram-Schmidt orthogonal- 
ization procedure. 

Definition 5.8. Basis manifold B{£n) of Euclid space is set of orthonornal 
bases of this space. □ 

A active transformation is called movement. An passive transformation is 
called quasi movement. 

6. Geometrical Object of Vector Space 

An active transformation changes bases and vectors uniformly and coordinates 
of vector relative basis do not change. A passive transformation changes only the 
basis and it leads to change of coordinates of vector relative to basis. 

Let passive transformation L{a) G G defined by matrix (a*) maps basis e =< 
ei >£ B{V) into basis f =< e- >£ B{V) 

(6.1) e; = a}e, 
Let vector ij G V have expansion 

(6.2) V = v'e, 
relative to basis e and have expansion 

(6.3) V = v''e[ 
relative to basis e'. From (6.1) and (6.3) it follows that 

(6.4) V = v'-'a^jCi 
Comparing (6.2) and (6.4) we get 

(6.5) v' = v'^a) 
Because is nonsingular matrix we get from (6.5) 

(6.6) v" = v'a-^] 

Coordinate transformation (6.6) does not depend on vector v or basis e, but is 
defined only by coordinates of vector v relative basis e. 

Suppose we select basis e. Then the set of coordinates (w*) relative to this basis 
forms a vector space V isomorphic to vector space V. This vector space is called co- 
ordinate vector space. This isomorphism is called coordinate isomorphism. 
Denote by 6k = {6\) the image of vector Cfc G e under this . 

Theorem 6.1. Coordinate transformations (6.6) form right-side contravariant ef- 
fective linear representation of group G which is called coordinate representa- 
tion. 
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Proof. Suppose we have two consecutive passive transformations L{a) and L{b). 
Coordinate transformation (6.6) corresponds to passive transformation L{a). Co- 
ordinate transformation 

(6.7) v'"" = v"b-^'^ 

corresponds to passive transformation Lh. Product of coordinate transformations 
(6.6) and (6.7) has form 

(6.8) v'"" = t-^a-i}6-\f = w^(H"'j 

and is coordinate transformation corresponding to passive transformation Lba- It 
proves that coordinate transformations form contravariant right-side hnear repre- 
sentation of group G. 

Suppose coordinate transformation does not change vectors dk- Then unit of 
group G corresponds to it because representation is single transitive. Therefore, 
coordinate representation is effective. □ 

Let homomorphism of group G to the group of passive transformations of vector 
space W be coordinated with symmetry group of vector space V. This means that 
passive transformation L{a) of vector space W corresponds to passive transforma- 
tion L{a) of vector space V. 

(6.9) E'^^AP^{a)E0 
Then coordinate transformation in W gets form 

(6.10) w'" = w'^A{a~^)'jl ^ w^A{a)-^'^ 
Definition 6.2. Orbit 

0((w,fv),a e G,{wA{a)-\L{a)fv)) 

is cahed geometrical object in coordinate representation defined in vector 
space V. For any basis e'y = L(a)ev corresponding point (6.10) of orbit defines 
coordinates of geometrical object relative basis Cy. □ 

Definition 6.3. Orbit 

0{{w,ew,ex>), a E G, {wA{a)~^ , L{a)ew , L(a)ev)) 

is called geometrical object defined in vector space V. For any basis e'y = L{a)e\> 
corresponding point (6.10) of orbit defines coordinates of a geometrical object 

relative to basis Cy and the corresponding vector 

w ^ w"^E'^ 

is called representative of geometrical object in basis Cy . □ 
We also say that w is a geometrical object of type A 

Since a geometrical object is an orbit of representation, we see that according to 
theorem 2.14 the definition of the geometrical object is a proper definition. 

Definition 6.2 introduces a geometrical object in coordinate space. We assume 
in definition 6.3 that we selected a basis in vector space W. This allows using a 
representative of the geometrical object instead of its coordinates. 

Theorem 6.4 (invariance principle). Representative of geometrical object does 
not depend on selection of basis Cy . 
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Proof. To define representative of geometrical object, we need to select basis ey, 
basis ew = {Ea) and coordinates of geometrical object w". Corresponding repre- 
sentative of geometrical object has form 

W — W^Ea 

Suppose we map basis ey to basis ey by passive transformation L{a). Accord- 
ing building this forms passive transformation (6.9) and coordinate transformation 
(6.10). Corresponding representative of geometrical object has form 

w' = w'"E'^ ^ w'^A{a)-^'^Al{a)E^ = w'^E'^ = w 

Therefore representative of geometrical object is invariant relative selection of basis. 

□ 

Definition 6.5. Let 

Wi = W^Ea 
W2 = W^Ea 

be geometrical objects of the same type defined in vector space V. Geometrical 
object 

w = {w'^ +w^)Ea 

is called sum 

W ^ Wi + W2 

of geometrical objects wi and W2- □ 
Definition 6.6. Let 

be geometrical object defined in vector space V over field F. Geometrical object 

W2 = {kWi)Ea 

is called product 

W2 = kwi 

of geometrical object wi and constant k E F. □ 

Theorem 6.7. Geometrical objects of type A defined in vector space V over field 
F form vector space over field F . 

Proof. The statement of the theorem follows from immediate verification of the 
properties of vector space. □ 

7. References 

[1] P. K. Rashevsky, Riemann Geometry and Tensor Calculus, 
Moscow, Nauka, 1967 

[2] Granino A. Korn, Theresa M. Korn, Mathematical Handbook for Scien- 
tists and Engineer, McGraw-Hill Book Company, New York, San Francisco, 
Toronto, London, Sydney, 1968 
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8. Index 



active representationQ 

active transformation on basis manifold9 

affine basislO 

afRne transformation grouplO 

affine transformation on basis manifoldlO 

basis manifold of affino spacelO 
basis manifold of central affine spacelO 
basis manifold of Euclid spacell 
basis manifold of vector space9 
basis of vector spaceS 

central affine basislO 
column vectors 
coordinate isomorphism 11 
coordinate representation of group in 

vector spacell 
coordinate vector spacell 
coordinates of geometrical objectl2 
coordinates of geometrical object in 

coordinate representationl2 
coordinates of representations 

direct product of representations of group4 

effective representation of group5 

G-basis of vector space9 
G-coordinates of basisQ 
geometrical object in coordinate 

representationl2 
geometrical object in vector spacel2 
geometrical object of type A in vector 

spacel2 
G-space9 

homogeneous space of groupS 

invariance principle in vector spacel2 

kernel of inefficiency of representation of 
groups 

left shift on groupS 

left-side contravariant representation of 
groups 

left-side covariant representation of group2 
left-side representation of group2 
left-side transformationl 
linear representation of groupT 

nonsingular transformationl 

orbit of representation of group4 
orthonornal basis 11 



passive representationlO 

passive transformation on basis manifoldlO 

product of geometrical object and constant 
in vector spacelS 

quasi affine transformation on basis 

manifoldlO 
quasi movement on basis manifold 11 

representation of group2 
representative of geometrical object in 

vector spacel2 
right shift on groupS 

right-side contravariant representation of 
groups 

right-side covariant representation of 
group2 

right-side representation of group2 
right-side transformationl 
row vector? 

single transitive representation of group5 

standard coordinates of basisO 

sum of geometrical objects in vector 

spacclS 
symmetry groupS 

transitive representation of groupS 
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9. Special Symbols and Notations 



yin affine space 10 

B{An) basis manifold of affine space 10 

B(V) basis manifold of vector space V 9 
B{Cyin) basis manifold of central afHne 
space 10 

B{£n) basis manifold of Euclid space 11 

CAn central affine space 10 

e =< 0,ei > affine basis 10 
e basis of vector space 8 
ey basis in vector space V 8 
e =< Ci > central affine basis 10 
£n Euclid space 10 
£nm pseudo Euclid space 10 
e =<ei > orthonornal basis 11 
standard coordinates of basis 9 

Efe vector of basis 9 

GL{An) affine transformation group 10 

G(V) group of homomorphisms of vector 
space V 8 

L(a)b left shift 3 
L{g)e passive transformation 10 
set of left-side nonsingular 
transformations of set M 1 

C'((i«,iv),a e G, («)A(a)-i,L{a)iv)) 

geometrical object in coordinate 

representation 12 
C'((«),ew, ey), a £ G, {wA{a)^^, L(a)ew;, L(a)ev)) 

geometrical object 12 
0{v, geG, f(g)v) = {w = f{g)v : g e G} 

orbit of representation of the group G 

4 

R{g)e active transformation 9 

R{a)b right shift 3 
r{M) set of right-side nonsingular 
transformations of set M 1 

V coordinate vector space 11 

(f*) coordinates in vector space 11 

V vector space 8 

5 identical transformation 1 

Sk = image of vector € e under 

isomorphism to coordinate vector 

space 11 
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MnorooSpasHe 6a3HCOB 



AjieKcaHflp KjieftH 

AHHOTAqHa. B SToii cxaTbe mm H3yiaeM rpynny CHMMeTpnii BeKTopHoro 
npocTpancTBa. MnorooSpasHe 5a3HCOB hejihgtch o^hopo^hmm npocTpancTBOM 
rpynnbi CHMMeTpHii. 3to npHBOflHT k onpeflejieHHK) aKTHBHOro m naccHBHOro 
npeo5pa30BaHHH na MHoroo5pa3HH 5a3HCOB. Akthbhob npeo5pa30BaHHe CBa3a- 
HO c npeo6pa30BaHHeM BeKTopHoro npocxpaHCTBa. IlaccHBHoe npeo6pa30BaHHe 

^aeT B03M0>KH0CTB Onpe^GJIHTB nOHHTHH HHBapnaHTHOCTH H reoMeTpHHecKoro 

oSteKTa. 



1. BBEflEHHE 

3Ta CTaTbfl 6bijia HanHcana no^ 6ojibmHM BJiHHHHeM KHHrn [1]. Hsy^eHHe o^ho- 
poflHoro npocTpancTBa rpynnbi CHMMeTpnii BeKTopnoro npocTpancTBa Be^eT nac k 
onpeflejieHHK) 6a3Hca SToro npocTpancTBa n MHoroo6pa3Hfl 6a3HCOB. Mm bbo^hm 
ffBa THoa npeo6pa30BaHHH MHoroo6pa3HH 6a3HCOB: aKTHBHbie n naccHBHbie npeo6- 
pasoBaHHfl. PasjiH^ne MejK^y hhmh coctoht b tom, ^to axTHBHoe npeo6pa30BaHHe 
MOJKeT 6biTb BbipajKeHO KaK npeo6pa30BaHHe ncxo^Horo npocTpancTBa. Kax no- 
Ka3aH0 B [1], naccHBHoe npeo6pa30BaHHe ^aeT B03M0JKH0CTb onpe^ejinTb oohhthh 
HHBapnaHTHOCTH H reoMeTpHHecKoro oG^heKia. 

Mbi HMeeM flBe npoTHBonojioJKHbie tohkh 3peHHfl na reoMeTpn^ecKnii oGi^eKT. 
C oflHoii CTopoHbi Mbi (J)HKCHpyeM KOop^HHaTbi reoMeTpHirecKoro o6'beKTa otho- 
CHTejibHO saflannoro 6a3Hca n yxasbiBaeM saxon npeo6pa30BaHHH KOop^nnaT npn 
saMene 6a3Hca. B to jkb BpeMs mm paccMaTpnBaeM Bcro coBOKynnocTb KOop^nnaT 
reoMeTpHHecKoro oGteKTa OTHOcnTejibno pa3JiHHHbix 6a3HCOB xax eflnnoe Li;ejioe. 
9to flaeT nan B03M0JKH0CTb 6ecKOopflHHaTHoro H3yHeHHfl reoMeTpHHecKoro 061- 
eKTa. 

2. riPEflCTABJlEHHE 

Onpe^ejiGHHe 2.1. Mm 6yfleM Ha3biBaTb OToGpajKenne 

t: M M 

HeBBipo»cfleHHbiM npeo6pa30BaHHeM, ecjin cymecTByeT o6paTHoe OTo6pa}Ke- 
nne. □ 

Onpe^ejiGHHe 2.2. npeo6pa30BaHHe Ha3biBaeTCH jigboctopohhhm npeo6pa3o- 
BaHHGM ecjiH OHO ^encTByeT cjieBa 

u' = tu 

Mm 6yfleM o6o3Ha^aTb 1{M) MHOJKecTBO jieBOCToponnnx neBbipojKfleHHbix npeo6- 
pa30BaHHii MnojKecTBa M . □ 

Key words and phrases. BeKTopnoe npocTpancTBO, flH^xjjepeHiiHajiBHaa reoMeTpna, 5a3HC, 
reoMeTpHiecKHii o6'beKT. 

Aleks_Kleyn@MailAPS.org. 
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Onpe^ejiGHHe 2.3. XlpeoGpaaoBaHHe nasMBaeTCH npaBocTopoHHHM npeo6pa- 
30BaHHeM ecjiH oho ^eiicTByeT cnpaBa 

u' = ut 

Mbi 6yfleM o6o3HaHaTb r{M) MHO»cecTBO npaBOCTopoHHHx HeBbipojKfleHHbix npe- 
o6pa30BaHHii MHOJKecTBa M. □ 

Mbi 6yfleM o6o3HaHaTb S TOJKflecTBeHHoe npeo6pa30BaHHe. 

OnpeflejieHHe 2.4. IlycTb G - rpynna. Mbi 6y;ieM Ha3biBaTb OTo6pa»ceHHe 

(2.1) / : G ^ 1{M) 

jieBocTopoHHHM npeflCTaBJieHHGM rpynnbi G b MHOJKecTBe M, ecjiH OTo6pa- 
HceHHe / yflOBJieTBopaeT ycjiOBHHM 

(2.2) f{ab)u=^f{a)if{b)u) 

(2.3) /(e) = S 

□ 

OnpeflejieHHe 2.5. IlycTb G - rpynna. Mbi 6y;ieM Ha3biBaTb OTo6pajKeHHe 

(2.4) / : G ^ r(M) 

npaBocTopoHHHM npeflCTaBJieHHGM rpynnti G b MHOJKecTBe M, ecjin OTo6pa- 
jKeHHe / yflOBjieTBopjieT ycjiOBHHM 

(2.5) ufiab) = {uf{a))f{b) 

(2.6) /(e) = 5 

□ 

Jlio6oe yTBepjKflenne, cnpaBefljiHBoe fljiH jieBOCToponnero npeflCTaBjieHHH rpyn- 
nbi, 6y;i,eT cnpaBe^iJiHBO ^jih npaBOCToponnero npeflCTaBJienna. IIosTOMy mm 6yfleM 
nojib30BaTbCfl o6lli,iim TepMHHOM npeflCTaBJieHHe rpynnBi h 6y^eM nojib30BaTbCH 
o6o3HaneHHHMH fljiH jieBOCToponnero npeflCTaBJienna b Tex cjiy^aax, Kor^a 3to ne 
Bbi3biBaeT Heflopa3yMeHHfl. 

TeopeMa 2.6. JJm jiw6ozo g ^ G 

(2.7) fig-') ^ fig)-' 

JHoKaaameAhcmeo. Ha ocHOBannn (2.2) h (2.3), mm MO»ceM sanncaTb 

u^5u^f{gg~')u = f{g){f{g~')u) 
9to 3aBepmaeT fl0Ka3aTejibCTB0. □ 
TeopeMa 2.7. Uycmb 1{M) - zpynna omHocumejibHO yMHOotceuuM, 

(2.8) {tit2)u ^ ti{t2u) 

u5 - eduHWua gpynnu 1{M). Ecjiu omo6paaiceHue (2.1) jieAJiemcji zoMOMop(pu3MOM 
zpynn 

(2.9) f{ab) ^ f{a)f{b) 

mo 9mo omo6paaiceHue jieAMemcM npedcmaeAeuueM spynnu G, Komopoe mu 6ydeM 
Haaueanib jieBOCTopoHHHM KOBapnaHTHbiM npeflCTaBJieHHeM. 
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JJ,OKa3amejibcmeo. Tax xax / - roMOMop(|)H3M rpynn, to /(e) = 5. 
CorjiacHO (2.8) h (2.9) 

f(ah)u^{f{a)f{h))u^ f{a){f{b)u) 

CorjiacHO onpeflejieHHK) 2.4 / flBJiaeTCfl npe^CTaBJieHHeM. □ 

TeopeMa 2.8. Uycmb r{M) - gpynna omHocumejihHO yMHOotceHun 

(2.10) U{tit2) = {Uti)t2 

uS - eduHuu,a zpynnu r{M). Ecau omo6pacHceHue (2.4) nejinemcM, 30MOMop(f}U3MOM 
zpynn 

(2.11) f{ah) = f{a)f{h) 

mo 9mo omo6pacHceHue Jiejijiemcji npedcmaeMenueM zpynnu G, Komopoe mu 6ydeM 
Haaueamb npaBOCTopoHHHM KOBapnaHTHBiM npeflCTaBJieHHCM. 

J],OKa3amejibcmeo. Tax xax / - roMOMop(|)H3M rpynn, to /(e) = 5. 
CorjiacHO (2.10) h (2.11) 

uf(ah) - u{f{a)f{b)) = {uf{a))f{b) 

CorjiacHO onpeflejiennro 2.5 / flBJiaeTca npe^CTaBJienneM. □ 

TeopeMa 2.9. Uycmb 1{M) - zpynna omnocumejibHO yMHOotceHUM, 

(2.12) {t2ti)u = ti{t2u) 

u S - eduHuv,a zpynnu 1{M). Ecau omo6pacnceHue (2.1) jieAJiemcji aummoMOMop- 
(pu3M0M zpynn 

(2.13) f{ha)u = f{a)f{h) 

mo 9mo omo6paoiceHue MSAJiemcji npedcmaeACHUCM zpynnu G, Komopoe mu 6ydeM 
Haaueamb jieBOCTopoHHHM KOHTpaBapHaHTHBiM npe^cTaBJieHHeivi. 

J],OKa3amejibcmeo. Tax xax / - aHTHroMOMop4)H3M rpynn, to /(e) = 5. 
CorjiacHO (2.12) h (2.13) 

f{ah)u={f{h)f{a))u = f{a){f{h)u) 

CorjiacHO onpeflejiennio 2.4 / flBjiaeTca npeflCTaBjienneM. □ 

TeopeMa 2.10. Uycmb r{M) - zpynna omHocumcAbuo yMHOotcenuM, 

(2.14) U{t2ti) ^ (Uti)t2 

u S - eduHui^a zpynnu r{M). Ecau omo6pacnceHue (2.4) jieAMcmcji aumuzoMOMop- 
(^U3M0M zpynn 

(2.15) f{ba)u = f{a)f{b) 

mo 9mo omo6pa9iceHue neAnemcM, npedcmaeACHUCM zpynnu G, Komopoe mu 6ydeM 
Haaueamb npaBOCTopoHHHM KOHTpaBapnaHTHBiM npe^cTaBJieHHeM. 

^onaaameAbcmeo. Tax xax / - aHTHroMOMop(J)H3M rpynn, to /(e) = S. 
CorjiacHO (2.14) h (2.15) 

ufiab) = u{f{b)f{a)) = {uf{a))f{b) 

CorjiacHO onpeflejiennro 2.5 / ABJiaeTca npe^CTaBJienneM. □ 
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IIpHMep 2.11. FpynnoBafl onepaiina onpe^ejiHeT flsa pasjiHHHbix npeflCTaBjieHHH 
Ha rpynne: jieBtiii c^BHr, KOTopbifi mm onpe^ejiaeM paseHCTBOM 

(2.16) b' = L{a)b = ah 

H npaBbiii cflBHr, KOTopbiii mm onpe^ejiaeM paBencTBOM 

(2.17) b' = R{a)b = ba 



□ 



TeopeMa 2.12. Uycmb npedcmaeAenue 

u' = J{a)u 

MejiMemcji KoeapuanmHUM npedcmaeACHueM. Tozda npedcmaejienue 

u — h{a)u — f{a^^)u 
nejinemcM, KOHmpaeapuaHmHUM npedcmaeAenueM. 
JJ,OKa3amejihcmeo. YTBepiKfleHHe cnepyeT h3 Li;enoHKH paBencTB 

h{ab) = .f{{ab)-^) = f{b-'a-^) = f{b-^)f{a-^) = h{b)h{a) 



□ 



Onpe^ejicHHe 2.13. IlycTb / - npe^CTaBJieHne rpynnbi G b MHOJKecTBe M . Jlflsi 
jiio6oro V G M MM onpeflejiHM op6HTy npe^cTaBJieHHa rpynnti G xax MHOJKe- 

CTBO 

0{v, g e G, f{g)v) ^ {w ^ f{g)v : g e G} 

□ 

Tax KaK /(e) = 6, to v e 0{v,g e G,f{g)v). 
TeopeMa 2.14. Ecau 

(2.18) v^O{u,g^GJ{g)u) 
mo 

Oiu,geGJ{g)u)^Oiv,geG,f{g)v) 
^OKaaameAbcmeo. Hs (2.18) cjie^yeT cymecTBOBaHne a € G TaKoro, hto 

(2.19) V = f{a)u 

EcjiH w G 0{v,g € G, f{g)v), to cymecTByeT b G G TaKoii, hto 

(2.20) w = f{b)v 
IloflCTaBHB (2.19) B (2.20), mm nojiyHHM 

(2.21) w = f{b){f{a)u) 

Ha ocHOBaHHH (2.2) h3 (2.21) cjie^yeT, ^^to w G 0{u, g e G, f{g)u). TaKHM o6pa30M, 
0{v,geGJ{g)v)CO{u,geGJ{g}u) 
Ha ocHOBaHHH (2.7) h3 (2.19) cjie^yeT, hto 

(2.22) /{ay^v = f{a-^)v 

PaBGHCTBO (2.22) 03Ha^aeT, hto u g 0{v,g G G, f{g)v) h, cjieflOBaTejibHO, 

0{u,geG,f{g)u)CO{v,geGJ{g)v) 
9to 3aBepmaeT flOKa3aTejibCTBO. □ 
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TeopeMa 2.15. Ecau onpedejieuu npedcmaeAenue fi gpynnu G e MHOotcecmee Mi 
u npedcmaejienue /2 spynnu G e MHOCHcecmee M2, mo mu mookcm onpedejiumb 
npaMoe npoHsee^eHHe npe;];cTaBJieHHH /i h /2 rpynnBi 

/ = /i ® /2 : G ^ Af 1 M2 

/(3) = (/i(3),/2(ff)) 

/^OKaaameAbcmeo. HTo6bi noKaaaTb, hto / aBJiaeTCfl npe^jCTaBJieHneM, floCTaTOHHO 
noKasaTb, hto / yflOBJieTBopaeT onpe^ejieHHio 2.4. 

f{e)^ifi{e)j2{e)) = {Si,52)=S 

f{ab)u = {fi{ab)ui, f2{ab)u2) 

= {h{a){h{h)ui),f2{a){f2ih)u2)) 
= f{a){h{b)uu.f2{b)u2) 
= f{a){f{b)u) 

□ 

3. OflHOTPAHSHTHBHOE EPEflCTABJIEHHE 

OnpeflejieHHG 3.1. Mm 6yfleM nasbiBaTb HflpoM HeatJjcJjeKTHBHocTH npefl- 
cTaBJieHHH rpynnbi G MHOJKecTBO 

Kf^igeG: fig) = S} 

EcjiH Kf ~ {e}, Mbi 6yfl,eM nasbiBaTb npe^CTaBJieHne rpynnbi G atJxJjeKTHBHBiM. 

□ 

TeopeMa 3.2. ^dpo He9(p(fieKmueHocmu - amo nodzpynna zpynnu G. 
/J^OKaaameAbcmeo. ^onycTHM /(ai) = 5 h /(a2) = S. Tor^a 

f{aia2)u = f(ai){f{a2)u) = u 

a 

EcjiH fleiicTBHe ne 9(|)(J)eKTnBH0, mm MOJKeM nepeiiTH k 3(J)(|)eKTHBH0My, saMennB 
rpynnoii Gi = G\Kf, nojibsyacb (JjaKTopHsaiineii no flflpy He3(i)(i)eKTHBH0CTH. 9to 
osnanaeT, hto mm MOJKeM nsynaTb TOJibKO scjacjaeKTHBHoe ^eiicTBHe. 

OnpeflejiBHHe 3.3. Mm 6y;ieM nasbmaTb npeflCTaBJienne rpynnbi TpansHTHB- 
HbiM, ecjiH fljiH jiio6bix a,b €V cymecTByeT TaKoe g, ^to 

Mm 6yfleM nasMBaTb npe^CTaBJieHne rpynnbi oflHOTpansHTHBHBiM, ecjin oho Tpan- 

3HTHBHO H SCjjcjjeKTHBHO. □ 

TeopeMa 3.4. ITpedcmaeAeHue odHompaHsumueHO mosda u moAbKO mosda, Kozda 
Oaji Am6ux a,b cyinecmeyem odno u moAbKO odno g & G maKoe, nmo a = f{g)b 

Onpe^ejieHHe 3.5. Mm 6yfleM nasMBaTb npocTpancTBO V oflHopoflHBiM npo- 
CTpaHCTBOM rpynnBi G, ecjin mm HMeeM oflHOTpansHTHBHoe npeflCTaBJienne rpyn- 
nbi G na □ 
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TeopeMa 3.6. Ecau mu onpedejiuM odHompaHaumueHoe npedcmaeAenue f zpynnu 
G Ha MHOzoo6pa3uu A, mo mu MoomeM odHoanaHHO onpedejiumb Koopdunamu na 
A, noAbsyjicb KoopdunamaMU na spynne G. 

Ecjiu f - KoeapuaHmnoe npedcmaeAenue, mo f{a) aKeueajienmHO AeeoMy cdeu- 
gy L{a) na zpynne G. Ecjiu f = KoumpaeapuanmHoe npedcmaeAenue, mo f{a) 
SKeueaAenmno npaeoMy cdeuzy R{a) na zpynne G. 

/^OKaaameAbcmeo. Mm Bbi6epeM TO^^Ky v A vi onpe^ejiHM KOop^HnaTbi to^kh 
w € A K&K KOop/iHHaTbi npeo6pa30BaHHH a Taxoro, ^to w = f{a)v. Koop/iHHaTbi, 
onpe^ejieHHbie TaKHM o6pa30M, oflHOSHa^Hbi c TOHHOCTbro flo Bbi6opa Hai^ajibHOH 
TOHKH V G A, Tax KaK fleiiCTBHe acjjcjseKTHBHO. 

EcjiH / - KOBapnaHTHoe npeflCTaBjieHne, mm 6yfleM nojibsOBaTbca sanncbio 

f{a)v = av 

Tax KaK sanHCb 

fia)ifib)v) = a{bv) = iab)v - f{ab)v 
coBMecTHMa c rpynnoBofi CTpyKTypoii, mm bh^hm, ^^to KOBapnaHTHoe npe^CTaBjie- 

HHe / 3KBHBajieHTH0 JIBBOMy C^BHPy. 

EcjiH / - KOHTpaBapnaHTHoe npe^CTaBJieHne, mm 6yfleM nojibsOBaTbca sanHCbro 

f{a)v = va 

TaK KaK sanHCb 

f{a){f{b)v) = {vb)a = viba) = f{ba)v 
coBMecTHMa c rpynnoBoii CTpyKTypoH, mm bh^hm, ^to KOHTpaBapnaHTHoe npe^- 
CTaBjieHHe / SKBHBajieHTHO npaBOMy c^BHry. □ 

TeopeMa 3.7. Jleeuu u npaeuu cdemu na zpynne G nepecmanoeonnu. 

/^OKasameAbcmeo. 3to cjie^CTBHe accoiinaTHBHOCTH rpynnbi G 

{L{a)R{b))c = a{cb) = (ac)b = {R{b)L{a))c 

□ 

TeopeMa 3.8. Ecau mu onpedejiuAU odnompanaumueHoe npedcmaeAenue f na 
Mnozoo6pa3uu A, mo mu mookcm odnoanauno onpedeAumb odnompanaumuenoe 
npedcmaeAenue h manoe, nmo duazpaMMa 




h{a) 

KOMMymamuena Basi ah)6ux a, b E G} 

JJ,OKa3ameAbcmeo. Mm 6yfleM nojibsOBaTbca rpynnoBbiMH KOop^HnaTaMH fljia to- 
T^eK V G A. JliLR npocTOTM mm npeflnojioscHM, ^to / - KOBapnaHTHoe npe^CTaBjie- 
HHe. Tor^a corjiacHO TeopeMe 3.6 mm MOJKeM sanHcaTb jieBbiii c^BHr L{a) bmbcto 
npeo6pa30BaHHH /(a). 



^Teopeua 3.8 Ha caMOM ^ejie oieHb HHTepecHa. Teu He Menee ee cmmcji CTaHOBHTca 6ojiee 

HCHMM, KOr^a MM npHJIO>KHM 3Ty TeOpGMy K MHOrOoSpaSHfO 6a3HCOB, CMOTpH CeKI];HfO 5. 
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IlycTb TOHKH vo,v G A. Tor^a mm MOJKeM HaiiTH oflHO h tojibko OflHO a (z G 
TaKoe, HTO 

V — vga = R(a)vo 

Mbi npeflnojioJKHM 

h{a) = R{a) 

CymecTByeT b £ G TaKoe, ^to 

^"0 = fib)vQ = L{b)vQ w = f{b)v = L{b)v 
CorjiacHO TeopeMe 3.7 flnarpaMMa 



(3.1) 



h{a)=R{a) 
Vq ^ V 



f{b)=L{b) 



f(b)=L(b) 



Wo . 



h{a)=R{a) 



KOMMyTaTHBHa. 

HsMeHflH b Mbi nojiy^HM, hto wq - 3to npoH3BOJibHafl TO^Ka, npHHafljiejKamafl 

A. 

Mbi BHflHM H3 flHarpaMMbi, ^^To, GCJiH vq = V thaii wq — w VI cjieflOBaTejibHO 
h{e) = S. C flpyroii CTopoHbi, ecjiH vq ^ to wq ^ w noTOMy, ^to npe^CTaBjieHHe 

/ OflHOTpaHSHTHBHO. CjieflOBaTejIbHO npe^CTaBJieHHe h 34)(|)eKTHBHO. 

TaKHM jKe o6pa3aM mm MOJKeM noKasaTb, ^to ^jih ^anHoro wq mm MOJKeM naiiTH 
a TaKoe, hto w = h{a)wQ. Cjie^OBaTejibHO npe^CTaBJieHHe o^HOTpaHSHTHBHO. 

B o6iri;eM cjiynae, npe^CTaBjieHne / ne KOMMyTaTHBHO h cjieflOBaTejibHO npe^- 
CTaBjieHHe h otjihhho ot npe^CTaBjienHH /. TaKHM jkg o6pa30M mm MOJKeM cos^aTb 
npe^CTaBjieHHe /, nojibsyacb npe^CTaBjieHHeM h. □ 

SaMenauue 3.9. OHeBH^HO, hto npeo6pa30BaHHfl L{a) h R{a) OTJiHi^aroTCH, ecjiH 
rpynna G Hea6ejieBa. TeM ne Menee, ohh flBJiaroTCH OTo6pa}KeHHHMH na. TeopeMa 
3.8 yTBepjK^aeT, hto, ecjin o6a npeflCTaBjiennH npaBoro h jieBoro CflBHra cyme- 
CTByiOT Ha MHoroo6pa3HH A, to mm MOJKeM onpe^ejiHTb ^Ba nepecTanoBO^HMx 
npe^CTaBJieHHH na MHoroo6pa3HH A. Tojibko jieBbiii hjih npabbiii c^BHr ne MOJKeT 
npe^CTaBJiHTb o6a THna npe^CTaBJieHHH. HTo6bi noHHTb noneMy sto Tax, mm mo- 
jKeM H3MeHHTb flHarpaMMy (3.1) h npe^nojiojKHTb h{a)vo = L{a)vo = v BMecTO 
h{a)vo = R{a)vo = w h npoaHajiH3HpoBaTb, xaKoe BbipajKeHne h{a) HMeeT b to^kg 
wq. /^HarpaMMa 



vo 



h{a)—L[a) 



f(b)=L{b) 



f(b)=L{b) 



Wo . 



h{a) 



SKBHBajieHTHa ^HarpaMMe 



h(a)—L{a) 
Vo *- V 



f-\b)=L{b-') 



f(b}=Hb) 



Wo ■ 



h{a) 
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H Mbi HMeeM w ~ bv ^ bavo = bab^^WQ. Cjie^OBaTejibHO 

h{a)wo ~ {bab^^)wo 

Mm bh^hm, hto npe^CTaejieHHe h sasHCHT ot ero apryMeHTa. □ 

4. JTMHEHHOE nPEflCTABJIEHME 

EcjiH Ha MHOJKecTse M onpeflejiena flonojinHTejibHaa CTpyxTypa, mm npe^tHB- 
jiaeM K npe^CTaBJieHHK) rpynnM flonojiHHTejibHbie Tpe6oBaHHfl. 

EcjiH Ha MHOJKecTBe M onpe^ejieHO noHHTHe nenpepMBHOCTH, to mm nojiaraeM, 
T^TO npeo6pa30BaHHe 

u' = f{a)u 
HenpepbiBHO no u h, cjie^OBaTejibHO, 



du 

EcjiH M - rpynna, to 6ojibmoe SHaneHHe HMeiOT npeflCTaBJienHH jibbbix h npaBMx 

CflBHrOB. 

OnpeflejiGHHe 4.1. IlycTb M - BeKTopnoe npocTpancTBO V na^ nojieM F. Mm 
6yfleM HasMBaTb npe^CTaBJieHHe rpynnbi G b bcktophom npocTpancTBe V jiHHeii- 
HBiM npeflCTaBJicHHeM, ecjiH /(a) - roMOMop(J)H3M npocTpancTBa V ^jih jiio6oro 
a e G. □ 

SaMenanue 4.2. /JonycTHM, npeo6pa30BaHHe /(a) HBjiaeTCfl jiHHeiiHMM oflHopofl- 
HMM npeo6pa30BaHHeM. f!^{a) hbjihiotch ajieMGHTaMH MaTpniiM npeo6pa30BaHHH. 
Mm o6biT^HO nojiaraeM, hto hhjkhhh HH^eKC nepe^HCJiaeT CTpoKH b MaTpnije h 
BepxHHii HHfleKC nepenHCJiaeT CT0Ji6Li,bi. 

CorjiacHO saxony yMHOJKenHH MaTpnu, mm MOJKeM npe^CTaBHTb KOop^HHaTM bbk- 
Topa KaK CTpoKy MaTpniiM. Mm 6yfleM nasMBaTb TaKoii BexTop BeKTop-cTpoKoii. 
Mm MOJKeM Tax jKe paccMaTpHBaTb BexTop, KOopflHHaTbi KOToporo (JjopMnpyiOT 
CTOJi6eii MaTpHLi,bi H 6y^eM nasMBaTb TaKoii BexTop BeKTop-CTOJi6i];oM. 

JleBOCTopoHHee jinneiiHoe npe^CTaBJienHe b npocTpancTBe BeKTop-CTOJi6Li,OB 

u = f{a)u u'^=fa{a)up a€G 
HBjiHeTCfl KOBapnaHTHMM npeflCTaBjieHHeM 

< = f.^{ba)up = f^{b){f^{a)up) = {f^{b)f^{a))up 
JleBOCTopoHHee jiHHefiHoe npe^CTaBJieHne b npocTpancTBe BexTop-CTpoK 

u' = f{a)u u"" ^ f'^{a)u^ a€G 
HBjifleTCfl KOHTpaBapnaHTHMM npeflCTaBjieHHeM 

u"^ = f;{ba)u^ = mb){f^{a)u^) = if^{a)mb))u^ 
IlpaBOCTopoHHee jiHHeiiHoe npe^CTaBjieHHe b npocTpancTBe BeKTop-CTOJi6i];oB 
u' ^ uf{a) = upfl^{a) aeG 

HBJifleTCfl KOHTpaBapHaHTHMM npeflCTaBJieHHeM 

< ^ upf^iab) = {upfP{a))f^{b) = up{f^{b)fM) 
npaBOCTopoHHee jiHHeiiHoe npeflCTaBjienne b npocTpancTBe BexTop-CTpoK 



'-uf{a) u'°'=u^f'^{a) a€G 
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HBjifleTCH KOBapnaHTHbiM npeflCTaBjieHHeM 

□ 

SttMeHttHue 4.3. Xlpn Hsy^enHH jiHHeiiHoro npeflCTaBJieHHfl mm hbho 6yfl,eM nojibso- 
BaTbca TeHSopHoii sanncbro. Mm MOJKeM nojibsOBaTbca TOJibKO BepxHHM HH^eKCOM 
H sanHCbK) BMecTO Ua- Tor^a mm MOJKeM sanncaTb npeo6pa30BaHHe SToro o6t3- 
eKTa B BHfle 

nm. p •. 

a ~ J a*. ^ 

TaKHM o6pa30M mm MOJKeM cnpHTaTb pasjiHHHe MejK^y KOBapnaHTHMM h KOHTpa- 
BapnaHTHMM npeflCTaBJieHHHMH. 9Ta cxo^ctbo H^eT ckojib yro^HO ^ajieKO. □ 

5. BA3HC B BEKTOPHOM nPOCTPAHCTBE 

IlycTb MM HMeeM BeKTopHoe npocTpancTBO V h KOHTpaBapnaHTHoe npaBOCTO- 
poHHee 3(J)(J)eKTHBHoe jiHHenHoe npeflCTaBJienne rpynnbi G = G(V). Mm o6bnHO 
6y^eM HasbiBaTb rpynny G(V) rpynnoH chmmbtphh. He Hapymaa o6iri,HOCTH, mm 
6yfleM OTOJKflecTBjiHTb sjieMGHT g rpynnbi G c cooTBeTCTByiomnM npeo6pa30BaHHeM 
npe^CTaBjieHHH h sanncMBaTb ero fleiicTBHe na BexTop v G V b bh^g vg. 

9Ta TO^Ka speHHH nosBOJiaeT onpe/iejiHTb ^Ba Tnna KOop^nnaT ^jih sjieMen- 
Ta g rpynnbi G. Mm MOJKeM jih6o nojibsOBaTbca KOopflnnaTaMn, onpe^ejienHMMH 
na rpynne, jih6o onpe^ejiHTb KOopflnnaTM xax sjieMenTM MaTpHn,bi cooTBeTCTByio- 
mero npeo6pa30BaHH5i. IlepBafl 4)opMa Koop^nnaT 6ojiee 3(|)(|)eKTHBHa, Kor^a mm 
H3yHaeM CBoiicTBa rpynnbi G. BTopaa (|)opMa KOop^HnaT co^epjKHT H36biTOHHyio 
HH(J)opMaLi;Hio, HO 6biBaeT 6ojiee yflo6Ha, Kor^a mm H3yHaeM npeflCTaBjieHne rpynnbi 
G. Mm 6yfleM Ha3biBaTb BTopyio (^opuy KOop^nnaT Koop^HHaTaMH npe^cTas- 
jieHHa. 

Mm 6yfleM nasMBaTb MaKCHMajibnoe MHOJKecTBO jiHHeiiHO nesaBncHMMx BexTO- 
poB e =< e(i) > 6a3HcoM. B tom cjiy^ae, Kor^a mm xothm abho yKa3aTb, hto 3to 
6a3HC npocTpancTBa V, mm 6yfleM nojibsOBaTbCH o6o3HaHeHHeM ey- 

JI1060H roMOMop4)H3M BeKTopnoro npocTpancTBa OTo6pajKaeT o^hh 6a3HC b flpy- 
roH. TaKHM o6pa30M, mm MOJKeM pacnpocTpannTb KOBapnaHTHoe npe^CTaBjienne 
rpynnbi chmmbtphh na MHOJKecTBO 6a3HCOB. Mm 6yfleM 3anHCbiBaTb ^eiicTBHe sjie- 
MenTa g rpynnbi G na 6a3HC e b Bn^e R{g)e. Teu ne Menee, ne BCflKne ^Ba 6a3Hca 
MoryT 6biTb CBfl3aHbi npeo6pa30BaHHeM rpynnbi CHMMeTpnH noTOMy, ^to ne BCHKoe 
HeBbipojKflenHoe jinneiiHoe npeo6pa30BaHHe npHnafljiejKHT npeflCTaBJiennio rpyn- 
nbi G. TaKHM o6pa30M, MHOJKecTBO 6a3HCOB mojkho npeflCTaBHTb KaK oGieflnneHne 
op6HT rpynnbi G. 

CBoiicTBa 6a3Hca 3aBHCHT ot rpynnbi CHMMeTpnH. Mm MOJKeM Bbi6paTb 6a3HCbi 

e, BSKTOpbl KOTOpblX HaXO^aTCH B OTHOmeHHH, KOTOpOe nHBapnaHTHO OTHOCHTejIb- 

HO rpynnbi CHMMeTpnH. B stom cjiyrae Bce 6a3HCbi ns op6HTbi 0{e,g S G,R{g)e) 

HMGIOT BBKTOpbl, KOTOpblG yflOBJIBTBOpfllOT OflHOMy H TOMy JKB OTHOmeHHIO. TaKOH 

6a3HC MM 6yfleM Ha3biBaTb G-Gaamcom. B KajK^OM KOHKpeTHOM cjiy^ae mm flOJiJK- 
HM flOKa3aTb cymecTBOBanne 6a3Hca c hckommmh CBoncTBaMH. Ecjin noflo6Horo 
Tnna 6a3Hca ne cymecTByeT, mm MOJKeM Bbi6paTb nponsBOJibKbiii 6a3HC. 

OnpeflejieHHe 5.1. Mm 6yfleM nasbmaTb op6HTy 0{e,g G G,R{g)e) Bbi6paHHoro 
6a3Hca e MHoroo6pa3HeM 6a3HcoB B{V) seKTopHoro npocTpancTBa V. □ 
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TeopeMa 5.2. ITpedcmaeAeHue zpynnu G na MH020o6pa3uu 6a3ucoe odHompauau- 
mueHO. 

/^OKaaameAbcmeo. CorjiacHO onpe^ejieHHio 5.1 jiK)6bie jxsa 6a3Hca CBHsanbi no Kpaii- 
Hen Mepe ojxrum npeo6pa30BaHHeM npeflCTaBJienHH. ^jih flOKasaTejibCTea TeopeMM 
floCTaTOHHO noKasaTb, ^to sto npeo6pa30BaHHe onpe^ejieHO oflHosnaHHO. 
/lonycTHM sjieMGHTbi 171 , 32 rpynnbi G h 6a3HC e TaKOBbi, ^^to 

(5.1) RgJi^Rg^e 
H3 (5.1) cjie^yeT 

(5.2) = = f 

Tax KaK J11060H BeKTop HMeeT e^HHCTBenHoe pasjiojKenHe OTHOCHTejibHO 6a3Hca 
e, TO H3 (5.2) cjie/iyeT, ^^to Rg-^g-^ TOJKflecTBeHHoe npeo6pa30BaHHe BeKTopnoro 
npocTpancTBa V. Tax xaK npe^CTaBjieHne rpynnbi G 9(|)(J)eKTHBH0 na BeKTopnoM 
npocTpancTBe V, to gi = g2. OTcro^a cjie^yeT yTBepjK^eHHe TeopeMbi. □ 

H3 TeopeMbi 5.2 cjie^yeT, nTO MHoroo6pa3He 6a3HCOB B{y) flBJiaeTCH oflHopofl- 
HbiM npocTpancTBOM rpynnbi G. Mm nocTponjin KOHTpaBapHaHTHoe npaBOCTopoH- 
HBB 0flH0TpaH3HTHBH0e jiHHeHHoe npe^CTaBjieHHe rpynnbi G na MHoroo6pa3HH 6a- 
3HC0B. Mbi 6yfleM Ha3biBaTb sto npeflCTaBjienne aKTHBHtiM npeflCTasjieHHeM, a 
cooTBeTCTByiomee npeo6pa30BaHHe na MHoroo6pa3He 6a3HCOB aKTHBHBiM npeo6- 
pasoBaHHeM ([2]) noTOMy, ^to roMOMop4)H3M BeKTopnoro npocTpancTBa nopo^nji 
3TO npeo6pa30BaHHe. 

CorjiacHO TeopeMe 3.6, Tax xax MHoroo6pa3He 6a3HCOB B{V) - oflHopoflHoe npo- 
CTpancTBO rpynnbi G, mm MO»ceM onpeflejiHTb na B{V) abg (|)opMbi KOopflnnaT, 
onpeflejiennbie na rpynne G. B o6ohx cjiy^aax KOopflHHaTbi 6a3Hca e - sto Koopfln- 
naTM roMOMop4)H3Ma, OTo6pajKaiOLLi,ero 3aflaHHbiH 6a3HC cq b 6a3HC e. Koop^nnaTM 
npeflCTaBJieHHH Ha3biBaiOTCH CTaH^apTHBiMH KoopflHHaTaMH 6a3Hca. HeTpy;;- 
HO noKa3aTb, htg CTanflapTHbie KGopflnnaTM e\. 6a3Hca e npn sa^annoM 3Ha^eHHH 

k flBJIHIOTCfl KOOpflHHaTaMH BeKTOpa Gfe S e OTHOCHTejibHO 3aflaHHoro 6a3Hca Cq. 

Ba3HC e nopojK^aeT KOop^nnaTM na V. B pa3JiHnHbix Tnnax npocTpancTBa sto 
MOJKGT 6biTb cflBJiano pa3JiH^HbiM o6pa30M. B acjscjsHHHOM npocTpancTBe, ecjin Bep- 
ninna 6a3Hca HBjiflBTCfl tohkoh A, to Tonxa B hmbbt tb jkb KOop^nnaTM, hto h 

BBKTop AB OTHOCHTBJibHO 6a3Hca e. B o6in;BM cjiy^aB mm bbo^hm KOop^nnaTM bbk- 
Topa KaK KOop^nnaTM OTHOcnTBJibno Bbi6paHHoro 6a3Hca. HcnojibsOBannB tojibko 
G-npocTpancTBa 03Ha^aBT Hcnojib30BaHHB cnBiinajibHMx KOopflnnaTM na An ■ Ji^i 
Toro, HTo6bi OTJinnaTb nx, mm 6yfleM Ha3biBaTb nx G-Koop^HHaTaMH. Mm TaKJKe 
6y^eM Ha3biBaTb npocTpancTBO V c TaKHMH KOop^nnaTaMn G-npocTpancTBOM. 

CorjiacHO TeopeMe 3.8, na MHoroo6pa3HH 6a3HCOB cymecTByeT ^pyroe npe^CTaB- 
jiBHHB, nBpBCTaHOBO^rHOB c naccHBHMM. KaK mm bh^hm h3 3aMB^aHHH 3.9 npB- 
o6pa30BaHHB SToro npBflCTaBjiBnnji OTjin^aBTca ot naccHBHoro npBoGpasoBanna n 
ne MOJKBT 6biTb CBe^BHO K npeo6pa30BaHHio npocTpancTBa V. HTo6bi no^nepKnyTb 
pa3JiHnHe, sto npeo6pa30BaHHe Ha3biBaeTCH naccHBHBiM npeo6pa30BaHHeM BeK- 
Topnoro npocTpancTBa V, a npe/iCTaBJienne Ha3biBaeTCH naccHBHBiM npe^cTaB- 
jieHHeM. Mm 6yflBM sanncMBaTb naccHBnoB npBo6pa30BanHB 6a3Hca e, nopojK^Bn- 
HOB 9JIBMBHT0M (7 G G, B BHflB L{g)e. 
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5.1. Ba3Hc B aeJxJjHHHOM npocTpancTBe. Mm OTOJK^ecTBjiHeM BeKTopbi acj)- 

4)HHHoro npocTpancTBa An c napofi TO^eK AB. Bee BeKTopbi, KOTopbie HMeiOT 06- 
mee HaHajio A nopojKflaiOT BeKTopnoe npocTpancTBO, KOTopoe mbi 6yfleM nasBiBaTb 
KaeaTejibHbiM BeKTopHbiM npocTpancTBOM TaAu- 

Tonojiorna, KOTopyro An Hacjie^yeT h3 OTo6pa}KeHHa An -R", nosBOJiaeT naM 
Hsy^aTb HenpepbiBHbie npeo6pa30BaHHfl npocTpancTBa An h hx npoHSBO^Hbie. Bo- 
jiee TO^HO, npoHSBOflHaa npeo6pa30BaHHH / OTo6pajKaeT BeKTopnoe npocTpancTBO 
TjiAn B Tf(^j^)An- EejiH / jiHHeiiHO, TO ero npoHSBOflHaa Oflna h Ta see b Ka>K- 

flOfi TO^Ke. BbO^S KOOp^HHaTbl A^,...,A" TOHKH A G An, Mbl MOJKeM sanHcaTb 

jiHHeiiHoe npeo6pa30BaHHe xax 

(5.3) A'' = P^A> +R' det P ^ 

IIpoHSBOflHaa 3Toro npeo6pa30BaHHa onpe^ejiena MaTpniieii \\Pj\\ h ne saBHCHT 
OT TOHKH A. BeKTop (i?^, i?") BbipajKaeT eMemenne b acjjcjjHHHOM npocTpan- 
eTBe. MHOJKecTBO npeo6pa30BaHHH (5.3) - 3to rpynna JIh, KOTopyio mm o6o3HaHHM 
GL{An) H 6y;ieM nasbiBaTb rpynnoii aiJxJjHHHBix npeoGpasoBaHHii. 

Onpe^ejicHHe 5.3. AcJjtJjHHHbm 6a3HC e 0,ei > - sto MHOJKecTBO jiHHefiHO 

HesaBHCHMMx BeKTopoB Ci = OAi = (e^, ...,e") c o6iri,eH na^ajibHOH tohkoh O = 
(01, ...,0"). □ 

OnpeflejiGHHe 5.4. MnorooGpasHe 6a3HCOB B{An) a(J)(J)HHHoro npocTpan- 
cTBa - 9T0 MHOJKecTBO 6a3HeoB SToro npocTpancTBa. □ 

Mm 6y;ieM nasbiBaTb axTHBHoe npeo6pa30BaHHe atJjtJjHHHBiM npeo6pa30Ba- 
HHeM. Mm 6yfleM Ha3biBaTb naccHBHoe npeo6pa30BaHHe KBasnatJxJjHHHBiM npe- 
o6pa30BaHHeM. 

EcjiH MM He 3a6oTHMCfl o Ha^ajibHoii TOHxe BexTopa, mm nojiyHHM necKOJibKO 
OTjiHHHbiii THn npocTpaHCTBa, KOTopoe mm 6yfleM Ha3biBaTb Li;eHTpo-a4)4)HHHbiM 
npocTpancTBOM CAn- B Li;eHTpo-a(|)(|)HHHOM npocTpancTBe mm MOJKeM H^eHTHcjjH- 
Li,HpoBaTb Bce KacaTejibHbie npocTpancTBa h o6o3HaHHTb hx TCAn- Ecjih mm npe^- 
nojiojKHM, ^TO HaHajibHaa TOHKa BeKTopa - sto Hanajio O KOop^HHaTHoii CHCTeMM 
B npocTpancTBe, to mm MOJKeM OTOJKflecTBHTb jiio6yio TOHxy A G CAn c BexTopoM 

a = OA. 9to Be^eT k HfleHTH(|)HKaLi,HH CAn H TCAn- Tenepb npeo6pa30BaHHe - 
9T0 npocTO OTo6pa}KeHHe 

a!'^P]a> detP^O 

H TaKHe npeo6pa30BaHHfl nopojKflaiOT rpynny JIh GLn- 

OnpeflejieHHe 5.5. I^eHTpo-atJxJjHHHBiH 6a3HC e =< Ci > - sto MHOJKecTBO 

JIHHeilHO He3aBHCHMbIX BeKTOpOB Ci = (ej , . . . , ) . □ 

Onpe/],ejieHHe 5.6. MHoroo6pa3He 6a3HCOB B{CAn) i];eHTpo-a(j3(|)HHHoro 
npocTpaHCTBa - 3to MHO»cecTBO 6a3HCOB 3Toro npocTpancTBa. □ 

5.2. Ba3HC B eBKJiHflOBOM npocTpancTBe. Kor^a mm onpe/iejiHeM MeTpnxy b 
Li,eHTpo-a4)4)HHHOM npocTpaHCTBe, MM nojiyHaeM HOByro reoMeTpHK) noTOMy, hto 
MM MOJKeM H3MepHTb paccTOHHHe H ^jiHHy BeKTopa. Ecjih MeTpnxa nojiojKHTejibno 
onpe^ejiena, mm 6yfleM Ha3biBaTb npocTpancTBO eBKjiHflOBMM b hpothbhom 
cjiyHae mm 6yfleM Ha3biBaTb npocTpancTBO nceBfloeBKjiHflOBMM Enm- 
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npeo6pa30BaHHH, KOTopbie coxpanfliOT fljinny, o6pa3yiOT rpynny JIh SO{n) ^jih 
eBKjiHflOBa npocTpancTBa h rpynny JIh SO{n, m) j^jia nceBfloSBKjiH^OBa npocTpan- 
CTBa, r^e n n to HHCJia nojiojKHTejibnbix h OTpHn,aTejibHbix cjiaraeMbix b MeipHKe. 

Onpe^ejicHHe 5.7. OpTOHopMajiBHBiii 6a3HC e =< > - sto MnoacecTBO jih- 
neiiHO neaaBHCHMbix BexTopoB Ci = (ej, ef ) TaKHx, hto fljinna KajK^oro BexTopa 
paBna 1 h pasjinirHbie BexTopbi opToronajibnbi. □ 

Cym,ecTBOBaHHe opToronajibnoro 6a3Hca ^OKasbiBaeTca c noMom,bro npon,ecca 
opToronajiHsaiiHH FpaMa-IUMnflTa. 

OnpeflejieHHe 5.8. MHoroo6pa3He 6a3HCOB S(f„) eBKJiHflosa npocTpan- 

cTBa - 3T0 MHOJKecTBO opTOHopMajibHbix 6a3HCOB SToro npocTpancTBa. □ 

Mbi 6y;ieM nasbiBaTb axTHBHoe npeo6pa30BaHHe flBHXceHHeM. Mbi 6yfleM na- 
3biBaTb naccHBHoe npeo6pa30BaHHe KBasHflBHXceHHeM. 



AxTHBHoe npeo6pa30BaHHe H3MeHHeT 6a3HCbi n BexTopbi corjiacoBano n Koop- 
flnnaTbi BexTopa OTnocHTejibHO 6a3Hca ne MenaroTCfl. IlaccHBHoe npeo6pa30BaHHe 
MenaeT tojibko 6a3HC, n sto Be^eT k H3MeHeHHro KOop^HnaT BexTopa OTnocHTejibHO 
6a3Hca. 



npeo6pa30BaHHe KOop/innaT (6.6) ne saBHCHT ot BexTopa v hjih 6a3Hca e, a onpe- 
flejienno viCKJuoHwiejibno KOopflnnaTaMn BexTopa v OTHOCHTejibno 6a3Hca e. 

ECJIH Mbi (|)HKCHpyeM 6a3HC e, to MHOJKeCTBO KOOpflnnaT (u*) OTHOCHTejIbnO 3T0- 

ro 6a3Hca nopojKflaeT BeKTopnoe npocTpancTBO V, H30Mop(J)Hoe BeKTopnoMy npo- 
CTpancTBy V. 9to BeKTopnoe npocTpancTBO Ha3biBaeTCH Koop^HHaTHBiM bgk- 

TOpHBIM npOCTpaHCTBOM, a H30MOp(J)H3M KOOpflHHaTHBIM HSOMOpcJjHSMOM. 

Mbi 6y;ieM o6o3HaHaTb Sk = ((5^) o6pa3 BexTopa Cfc G e npn stom H30Mop4)H3Me. 

TeopeMa 6.1. ITpeodpaaoeaHUJi Koopdunam (6.6) nopootcdawm KOHmpaeapuaHm- 
Hoe npaeocmopoHHee 9(fufieKmueHoe jiuneuHoe npedcmaeAenue zpynnu G, naauea- 
eMoe KoopflHHaTHBiM npeflCTaBJieHHGM. 



6. rEOMETPMHECKMH OBTjEKT 




^onycTHM BeKTop D G V HMeeT pasjiojKenne 
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AjieKcaH^p KjieflH 
MHoroo6pa3He 6a3HCOB 



JHoKaaameAbcmeo. /JonycTHM mm HMeeM flsa nocjieflOBaTejiBHbix naccHBHbix npe- 
o6pa30BaHHH L{a) h L{h). IlpeoGpasoBaHHe KoopflHHaT (6.6) cooTBeTCTByeT nac- 
CHBHOMy npeo6pa30BaHHK) L(a). npeo6pa30BaHHe KOop/iHHaT 

(6.7) v"^ = v%-^^^ 

cooTBeTCTByeT naccHBHOMy npeo6pa30BaHHio L(h). IlpoHBBefleHHe npeo6pa30BaHHii 
KoopflHHaT (6.6) H (6.7) HMeeT bh^ 

(6.8) v'"' = v'a~^)h-^'l = w-''(6a)"ij" 

H HBJiHeTCH KOopflHHaTHbiM npeo6pa30BaHHeM, cooTBeTCTByromHM naccHBHOMy npe- 
o6pa30BaHHK) Lba- 3to flOKa3biBaeT, HTO npeo6pa30BaHHfl KOop^HHaT nopojKflaiOT 
KOHTpaBapnaHTHoe npaBOCTopoHnee jiHHeiiHoe npe^CTaBjieHHe rpynnbi G. 

EcjiH KoopflHHaTHoe npeo6pa30BaHHe ne HSMeHaeT BexTopbi 5k , to eiviy cooTBeT- 
CTByeT eflHHHila rpynnbi G, Tax xax naccHBHoe npeflCTaBJienne o^HOTpaH3HTHBHO. 
Cjie^OBaTejibHO, KOop^HHaTnoe npe^CTaBJieHne scjjcjseKTHBno. □ 

IlpeflnojioJKHM, T^TO roMOMop4)H3M rpynnbi G b rpynny naccHBHbix npeo6pa30- 
BaHHH BeKTopHoro npocTpancTBa W corjiacoBan c rpynnoii CHMMeTpHii BeKTopnoro 
npocTpancTBa V. 9to osna^aeT, nTO naccHBHOMy npeo6pa30BaHHio L{a) BeKTopno- 
ro npocTpancTBa V cooTBeTCTByeT naccHBHoe npeo6pa30BaHHe L(a) BeKTopnoro 
npocTpancTBa W. 

(6.9) = Ai{a)Ep 

Tor^a KoopflHHaTHoe npeo6pa30BaHHe b W npHHHMaeT bh^ 

(6.10) u.'" = w^A{a-^)% = w'^A{a)-^<'p 
Onpe^ejieHHe 6.2. Mm 6yfleM nasMBaTb opGniy 

0{{w,tv),a e G, {wA{ay^ ,L{a)lv)) 

reoMeTpHHecKHM oGteKTOM b Koop^HHaTHOM npe^cTaBJieHHH, onpe^ejien- 
HMM B BeKTopHOM upocTpaHCTBe V. ^Jis jno6oro 6a3Hca e'y = L{a)'e\> cootbgt- 
CTByiomaH TOHKa (6.10) op6HTbi onpeflejiaeT Koop^HHaTbi reoMGTpHHecKoro 
061.6x13 OTHOCHTejibHO 6a3Hca ey . □ 

OnpeflCJieHHe 6.3. Mm 6y^eM nasbiBaTb op6nTy 

©((u), ew, ey), a e G, {'wA{a)^^ , L{a)ew , L{a)ev)) 

reoMeTpHHecKHM oBiieKTOM, onpe^ejiennbiM b BeKTopnoM npocTpancTBe V. /Jjifl 
jiio6oro 6a3Hca = L(a)ev cooTBeTCTByiomafl Tonxa (6.10) opGnTbi onpeflejiaeT 
KoopflHHaTbi reoMeTpHHecKoro o6teKTa OTHOCHTejibno 6a3Hca ey n cooTBeT- 
CTByiomnn BexTop 

w = w'°'E'^ 

Ha3biBaeTC5i npeflCTaBHTejieM reoMeTpH^ecKoro oBteKTa b 6a3Hce ey . □ 

Mm 6yfleM TaK»ce roBopnTb, hto w - 3to reoMeTpHHecKHH oGteKT THna A 
TaK KaK reoMeTpnnecKHH 06'beKT - sto op6HTa npe^CTaBJieHHH, to corjiacHO 
xeopeMe 2.14 onpe^ejienne reoMeTpnirecKoro o6T3eKTa KoppexTno. 

Onpe^ejienne 6.2 CTpoHT reoMeTpnnecKHn 06'beKT b KOop^nnaTHOM npocTpan- 
CTBe. Onpe^ejieHHe 6.3 npe^nojiaraeT, hto mm Bbi6pajiH 6a3HC b BeKTopnoM npo- 
CTpaHCTBe W. 9to no3BOJifleT Hcnojib30BaTb BMecTO ero KOop^nnaT. 
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AjieKcaHflP KjieiiH 
MHoroo6pa3He 6a3HC0B 



TeopeMa 6.4 (npHHD,Hn HHsapHaHTHocTH). ITpedcmaeumejib zeoMempunecKO- 
zo o6neKma ue aaeucum om eu6opa 6a3uca ey. 

JHoKaaameAbcmeo. HTo6bi onpe^ejiHTb npe^CTaBHTejia reoMeTpHHecKoro o6'i>eKTa, 
MM ^ojiJKHbi Bbi6paTb 6a3HC 6 V , 6a3HC eyy = {Ea) H KOopflHHaTbi reoMeTpHHecKoro 
o6'beKTa If". CooTBeTCTByiomHii npe^CTaBHTejib reoMeTpHHecKoro o6T3eKTa HMeeT 

BHfl 

W = w"Ea 

Ba3HC Cy CBH3aH c 6a3HCOM ev naccHBHbiM npeo6pa30BaHHeM L(a). CorjiacHO no- 
CTpoeHHK) 9T0 nopojKflaeT naccHBHoe npeo6pa30BaHHe (6.9) h KoopflHHaTHoe npe- 
o6pa30BaHHe (6.10). CooTBeTCTByiomHH npe^CTaBHTejib reoMeTpHi^ecKoro o6T3eKTa 

HMeeT BHfl 

w' = w'"E'^ = w^A{a)-^1Al{a)E^ = w'^E'/^ = w 
CjiBflOBaTejibHO, npeflCTaBHTejib reoMeTpHHecKoro oGieKTa HKBapnaHTeH othoch- 
TBJibHO Bbi6opa 6a3Hca. □ 

Onpe^ejieHHe 6.5. IlycTb 

Wi = WiEa 
W2 = W^Ea 

reoMeTpHHecKHe o6T3eKTbi o^Horo h Toro jKe THna, onpeflejienHbiM b BeKTopnoM 
npocTpancTBe V. FeoMeTpHHecKHii o6'beKT 

w = {w^ +w^)Eo, 

Ha3biBaeTca cyMMoii 

W = Wi + W2 

reoMeTpHHecKHX oGiieKTOB wi vi W2- O 
OnpeflejiGHHe 6.6. IlycTb 

W2 = W2Ea 

reoMBTpHHecKHH oGteKT, onpeflejienHbiii b bbktophom npocTpancTBB V na^ nojiBM 
F. Fbombtph^bckhh o6'bBKT 

W2 = {kWi)Ea 

Ha3biBaeTCH npoHSBe^eHHCM 

W2 = kwi 

reoMeTpHHecKoro o6'beKTa wi h KOHCTaHTbi k Q F . □ 

TeopeMa 6.7. FeoMempuHecKue odnenmu muna A, onpedejieuHue e eenmopHOM 
npocmpaHcmee V Had nojieM F, o6pa3ymm eenmopHoe npocmpaHcmeo Had nojieM 
F. 

/^OKaaameAbcmeo. YTBep^KfleHHe TeopeMbi cjie^yeT h3 Henocpe^CTBeHHoii npoBep- 
KH CBoiicTB BeKTopHoro npocTpancTBa. □ 

7. CnMCOK JIHTEPAXyPbl 

[1] n. K. PaniBBCKHH, PHMaHOBa tbombtphh h TBH3opHbiH anajiHS, 
M., Hayxa, 1967 

[2] r. KopH, T. KopH, CnpaBC^HHR no MaieMaTHKe ^jih nayHHbix pa6oTHHKOB 
H HHJKeHepoB, M., Hayxa, 1974 
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8. nPEflMETHblM VKASATEJIb 



G-5a3HC BeKTopHoro npocTpaHCTBa9 
G-KOopflHHaTbi 6a3HcalO 
G-npocTpancTBolO 

aKTHBHoe npeflCTaBjieHHelO 
aKTHBHoe npeo5pa30BaHHe na 

MHOr006pa3HH 6a3HCOBlO 

a<J)<J)HHHoe npeo5pa30BaHHe na 

MHOr006pa3HH 6a3HCOBll 
ac|3C[)HHHBlft 5a3HCll 

6a3HC BeKTopHoro npocTpaHCTBa9 
BeKTop-CTOjiSeijS 

BeKTOp-CTpOKaS 

rpynna chmmbtphhO 
reoMeTpHHecKHH o5'beKT b bgrtophom 
npocTpaHCTBelS 

reOMeTpHHeCKHH 05'beKT B KOOp^HnaTHOM 

npeflCTaBjieHHH 1 3 
reoMeTpHHGCKHH o6'beKT THna A b 

BeKTopHOM npocTpaHCTBelS 
rpynna a(j3c|3HHHBix npeo5pa30BaHHHll 

KBa3Ha(J)4)HHHoe npeo6pa30BaHHe Ha 

MH0r005pa3HH 5a3HCOBll 

KBa3HflBH5KeHHe Ha MHoroo5pa3HH 
5a3HCOBl2 

KOOpflHHaTHOe BeKTopHoe npOCTpaHCTBOl2 
KOop^HHaTHoe npe^CTaBjiGHHe rpynnti b 
BeKTopHOM npocTpaHCTBel2 

KOOp^HHaTHBlfi H30MOp4)n3Ml2 

KOopflHHaTbi reoMeTpHiecKoro oSteKTalS 
KOop^HHaTBi reoMeTpHHGCKoro o6i.eKTa b 

KOOpflHHaTHOM HpeflCTaBJieHHHlS 

KOopflHHaTBi npeflCTaBjieHHa9 

jieBOCTopoHHee KOBapnaHTHoe 

npe^CTaBjiGHHe rpynnBi2 
jieBOCTopoHHee KOHTpaBapHanTHoe 

npe^CTaBjiGHHe rpynntiS 
jieBOCTopoHHee npeflCxaBjieHHe rpynnbi2 
jieBOCTopoHHee npeo5pa30BaHHel 
jieBbiit CflBHr Ha rpynne4 
jiHRGHHoe npe^CTaBjiGHHe rpynntiS 

MHoroo5pa3He 5a3HCOB acJjcJjHHHoro 

npocTpancTBal 1 
MHoroo5pa3He 5a3HCOB BeKTopnoro 

npocTpancTBaQ 
MHoroo6pa3He 6a3HCOB eBKjin^oBa 

npocTpaHCTBal2 
MHoroo5pa3He 5a3HCOB i^enTpo-aiJxJjHHHoro 

npocTpaHCTBal 1 



HeBBipojK^eHHoe npeo6pa30BaHHel 

OflHopoflHoe npocTpancTBO rpynnBi5 
0flH0TpaH3HTHBH0e HpeflCTaBjieHHe 

rpynnBiS 
opSHTa npeflCTaBJieHHa rpynnbi4 

OpTOHOpMajTBHBIH 5a3HCl2 

naccHBHoe npeflCTaBjieHHelO 
naccHBHoe npeo5pa30BaHHe na 

MHOr006pa3HH 6a3HCOBlO 

npaBOCTopoHHee KOBapnaHTHoe 

npeflCTaBJieHHe rpynnbiS 
npaBOCTopoHHee KOHTpaBapnaHTHoe 

npeflCTaBJieHHe rpynnbiS 
npaBOCTopoHHee npe^CTaBjienne rpynnBi2 
npaBOCTopoHHee npeo6pa30BaHHe2 
npaBBiH c^BHr na rpynne4 
npeflCTaBHTCjib reoMCTpHiecKoro o6T>eKTa 

B BCKTopnoM npocTpancTBelS 

npe^CTaBjienne rpynnBi2 

npHHi^nn nnBapnanTHOCTH b bcktophom 

npocTpaHCTBel4 
npoH3BeflenHe reoMeTpnnecKoro o5T.eKTa n 

KOHCTaHTbl B BCKTOpHOM 

npocTpancTBel4 
npaMoe npoH3BefleHHe npeflCTaBjiCHHii 
rpynnBi5 

CTanflapTHbie KOopflnnaTbi 6a3HcalO 
cyMMa reoMCTpHiecKHx o6TjeKTOB b 
BGKTopnoM npocTpancTBel4 

TpaH3HTHBHoe npeflCTaBjiCHHe rpynnbiS 

L(enTpo-ac[)c|3HHnbiH 5a3Hcll 

9(j34)eKTHBHoe npeflCTaBjiCHHe rpynnbiS 

a^po He34)4)eKTHBnocTH npe^CTaBjienHH 
rpynnbiS 
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9. CnE]J,MAJIbHbIE ( 
An atJxJ'HHHoe npOCTpaHCTBO 11 

B{An) MHoroo6pa3He 5a3HCOB acjjcJjHHHoro 

npocTpancTBa 11 
B{V) MHoroo6pa3He SasHCOB BeKTopHoro 

npocTpancTBa V 9 
BiCAn) MHoroo6pa3He 6a3HCOB 

i(eHTpo-a<J)c|3HHHoro npocTpancTBa 11 

B(Sn) MH0r005pa3He 5a3HCOB eBKJlHflOBa 

npocTpaHCTBa 12 
CAn ij;eHTpo-a4)c|3HHHoe npocTpancTBO 11 



[bl H ObOSHAHEHHH 

V KOOpflHHaTHOe BeKTOpHOe npOCTpaHCTBO 

12 

(l)') KOOpflHHaTH B BBKTOpHOM 

npocTpancTBe 12 

V BCKTOpHOe npOCTpaHCTBO 9 

5 TO^K^ecTBGHHoe npeo6pa30BaHHe 2 
5k = {5\) o6pa3 BCKTOpa G e npn 

H30MOp(}3H3Me B KOOpflHHaTHOe 

BCKTopnoe npocTpancTBO 12 



e =< 0,ei > a4)c|3HHHBiH 5a3HC 11 
e 6a3HC BCKTOpnoro npocTpanCTBa 9 

ey 5a3HC B BGKTOpHOM npOCTpaHCTBC V 9 

e =< Si > ij;eHTpo-a4)4>HHHBiH 6a3HC 11 

Sn eBKJlHflOBO npOCTpaHCTBO 11 

Snm nCCBflOeBKJIHflOBO npOCTpaHCTBO 11 

e =< > OpTOHOpMajIBHBIH 6a3HC 12 

CTaHflapTHBie KoopflnnaTBi 5a3Hca 10 

efe BCKTop 6a3Hca 10 

GL{An) rpynna a4)c}'™Hbix 

npeo6pa30BaHHH 11 
G(V) rpynna rOMOMOp4)H3MOB BCKTOpnoro 

npocTpancTBa V 9 

L{a)b jieBBiii CflBnr 4 

L{g)e naccHBHoe npeo5pa30BaHHe 10 

1{M) MHOacecTBO jieBOCTOponnnx 

HGBBipojK^eHHBix npeo6pa30BaHHH 

MHO>KeCTBa M 1 

0((«),iv),a G G, («)A{a)-i,L{a)iv)) 

reOMCTpHHeCKHH 06T>eKT B 

KOopflnnaTHOM npeflCTaBJiennn 13 
0((ui, ew, ey): a G G, {wA{a)~^, L(a)ew, i(a)ev)) 

reoMeTpniecKHii o5TseKT 13 
Oiv, g€G, f{g)v) = {w = fig)v : g € G} 

op6HTa npeflCTaBJienna rpynnbi G 4 

R{g)e aKTHBHoe npeo6pa30BaHHe 9 
R(a)b npaBBiH c^Bnr 4 

r{M) MHOJKeCTBO npaBOCTOpOHHHX 

HeBBipojK^eHHBix npeo6pa30BaHHH 

MHOJKCCTBa M 2 
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